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at theactual throat,whose locationis governedby thewedgeangleof
the trailingedge,a clear dependenceon thisanglemust have existed.
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I. Introduction

D URING the past few years, the problem of ignition and stabi-
lizationof combustion in supersonic� ows has been addressed

by various authors, from both experimental1 and numerical2 points
of view. An issue of fundamental importance is the stabilizationof
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combustion when the vehicle � ight Mach number is low. In this
case, the � ow Mach number and static temperature within the com-
bustion chamber are too low to allow self-ignition in mixing layers
and jets, and stable oblique detonation regimes are dif� cult to ob-
tain. One way to circumventthis shortcoming,previouslysuggested
by Winterfeld3 and by Nedungadi and Lewis,4 is the stabilization
of combustion within a free recirculatingbubble. The problem of a
free recirculation bubble in supersonic nonreactive � ows has been
previously studied by various authors.4¡10 In these works, a recir-
culation bubble is generated by the interaction of an oblique shock
wave and an incoming � ow containing a � nite region where a total
pressure de� cit exists. This total pressure de� cit region is, in the
aforementioned papers, a region of swirling � ow, generated either
by a wing-like structure or an injector. Depending on the relative
intensities of the swirl and of the shock wave, it is possible to ob-
tain either a small bulging of the shock or a large deformation of
the shock wave, the latter leading to the formation of a free recir-
culating bubble. More recently, Mahesh10 has shown that the bub-
ble can be obtained without any swirl, the controlling parameter
in the formation of the free recirculating bubble being the velocity
de� cit.

In the present work, the use of a recirculationbubble is proposed
to achieve full premixing, ignition, and stabilized combustion in
supersonic � ows. A � rst description of the � ow� eld obtained when
combustion occurs is given.

II. Mathematical Formulation of the Problem
and Numerical Procedure

In this Note, the two-dimensional unsteady conservation equa-
tions of mass, momentum, energy, and species mass fraction are
solved for a multicomponent gas mixture2 in the geometry shown
in Fig. 1 of a uniform air� ow surrounding a methane axisymmet-
ric jet. The turbulent transport model used is a gradient closure,
with a mixing length turbulent viscosity ºt D C±l 2 j@u=@yj, where
C± D 0:008 and l is the mixing length, assumed to be equal to the
scale ±y of the gradient, and ±U is taken as the maximum difference
of velocity in the incoming � ow, 400 · ±U · 700 m/s. In fact, this
leads to what can be considered an overestimation of the turbulent
viscosity ºt D 4000 cm2/s. This relatively large value of ºt can be
justi� ed by the existence of large-scale � uctuations in the � ow ex-
ternal to the con� guration studied.Computationsshowing the exact
in� uence of the turbulent viscosity are currently in progress. The
reaction rate of methane and air is calculated assuming a global
chemical kinetics model11 and using the average temperature and
mass fractions. This global modeling of the chemical process is
known to not be very accurate for computing the induction time for
a large range of temperatureand pressures.Even if the drastic mod-
eling of both turbulenttransportsand chemistryused is not suited to
predict in detail the local characteristicsof the � ow, it is deemedsuf-
� cient to describethe gross featuresof the phenomenastudiedin this
Note.

The numerical procedure used here is based on the Liou12 ad-
vection upstream splitting method, with a second-order MUSCL
extrapolation and MINMOD limiter for the primitive variables
.½; u; v; p; Yk /. Details concerning the solution procedure can be
found in Ref. 2.

III. Results and Discussion
The interaction of a swirling � ow with an oblique shock wave

may lead to complex three-dimensional phenomena.4¡9 To retain
only the most signi� cant aspects of such an interaction,we treat this
problem here in a two-dimensional axisymmetric form. In a way
that is similar to that of the work of Metwally et al.8 and Mahesh,10

but using a different � ow/shock wave interaction, we obtain free
recirculatingbubbles without swirl when the velocity of the core is
smaller than the external � ow velocity.

As shown schematically in Fig. 1, a central stream of partially
premixed fuel (stoichiometric methane/air mixture, denoted by the
subscript c) that is surroundedby an airstream (denoted by the sub-
script 1) is considered. Both streams have the same static pres-
sure p1 D pc and, for the sake of simplicity, total temperature
Tt1 D Ttc but different velocities, i.e., u1 and uc. At x D 0 both



AIAA JOURNAL, VOL. 35, NO. 11: TECHNICAL NOTES 1783

Fig. 1 Schematic representation of the strong interaction between an
oblique shock wave and a core � ow where a de� cit in total pressure
exists.

the equivalence ratio and the longitudinal velocity u vary linearly
with the radial coordinate y, u D uc ¡ 1U .y=yc/; for y · yc,
1U D uc ¡ u1 , and for y > yc, u D u1. Such a choice of in� ow
conditions result in a transverse total pressure gradient. The shock
wave that interacts with these two streams is produced by an outer
airstream that has a higher static pressure. This oblique shock is
characterized by its angle ® and hypothetical crossing point along
the symmetry line x0 . The � ow conditions are given in the � g-
ure captions. In the present case of the numerical simulation of an
axisymmetric � ow, it seems more convenient to use this method to
generateanobliqueshockwave,becausethe � owde� ectionbya sur-
rounding wall would generate a shock with nonconstant angle. All
of the computationsdiscussednext are mesh- and time-independent
results, unless stated otherwise.

A. Formation of the Bubble; Nonreactive Case
Figure 2, where the � elds of density are plotted for four different

core Mach numbers Mc (and thus of 1U=u1 ) and for identical air-
� ows (M1 D 3), shows the existenceof a critical velocityde� cit for
the onset of the recirculation bubble. The case where Mc D 3, i.e.,
for 1U=u1 D 0, is close to the limit of a regular re� ection of the
initial obliqueshock wave: an increaseof only 2 deg leads to a Mach
re� ection. The result obtained for Mc D 1:5 correspondsto a case of
a weak interaction, � rst described by Metwally et al.8: the resulting
� ow� eld contains a curved shock followed by a subsonic region
without any recirculation bubble. The case of intermediate core
Mach number Mc D 1:3 corresponds to a strong interaction8: the
recirculation bubble is fully developed, and the shock deformation
is much larger than in the case where Mc D 1:5. The lowest Mc case,
i.e., Mc D 1:05, results in an upstreampropagationof the bubble that
may be in� uenced by the choiceof the conditionsat the downstream
boundary, where the � ow is now subsonic.

For these initial conditions, a small velocity de� cit between the
coreandexternal� ows is suf� cient to obtaina well-formedMach re-
� ection, thus giving birth to a normal shock wave in the core region.
This is clearly neither suf� cient nor necessary to generate a recircu-
lating bubble.The critical conditionsfor the existenceof the bubble
are dependent on the exact � ow con� guration, i.e., the initial shock
strength, external � ow Mach number, and core velocity de� cit.

An analysis is currently being performed to determine precisely
the conditionsfor which the onsetof the recirculationbubbleoccurs.
When M1 and ® are � xed, as in the present Note, obtaining the
recirculationbubble is found to be a function of the velocity de� cit
1U=u1 only.

For the air� ow Mach number M1 D 3 and shock angle ® D
55 deg, the critical velocity de� cit required to obtain numerically
a recirculation bubble lies in the range ¡0:3 < 1U=u1 < ¡0:25,
whichcorrespondsto theconditionsof Figs. 2band 2c.Even though,
as shown by Mahesh,10 a critical value of 1U=u1 will exist beyond
which recirculation bubbles are obtained, a speci� c analysis is re-
quired to derive the exact critical conditions in the � ow con� gura-
tion studied because the shock wave con� guration considered here
is quite different from that assumed in the paper of Mahesh.10

B. Discussion of the Conditions Necessary to Obtain a Stable
Solution; Reactive Case

For ignition of the gases to be obtained, the residence time ¿r of
the mixture within the bubble must be larger than the characteristic

chemical ignition time ¿c . In the case where Mc D 1:3, presented
in the preceding section, a rough estimate of ¿r based on the in-
ert dimension of the bubble and on a velocity of 90 m/s at its
outer edge gives ¿r ¼ 1 ms. An induction time ¿c of the chemi-
cal kinetics smaller than 1 ms is required for self-ignition to oc-
cur. This is obtained for a stoichiometric methane/air mixture, fol-
lowing the overall chemical mechanism,11 when the temperature
within the recirculation bubble is higher than 1400 K. The present

a) (3; 0)

b) (1:5; ¡ 0:25)

c) (1:3; ¡ 0:3)

d) (1:05; ¡ 0:5)

Fig. 2 Fields of density (g/cm3 ) for different core Mach numbers for
inert � ow, (Mc; D U/u 1 ): M1 = 3, Tt 1 = Ttc = 1500 K, p1 = pc = 0:26
MPa, yc = 11 cm, ® = 55 deg, and x0 = 40 cm. The dashed line corre-
sponds to u = 0. Mesh contains 1252 uniformly distributed points.

a) Density (g/cm3)

b) Methane mass fraction

Fig. 3 Fields of density and methane mass fraction for reactive � ow;
Mc = 1:3, M1 = 3, Tt 1 = Ttc = 1500 K, p1 = pc = 0:26 MPa, yc = 11 cm,
® = 55 deg, and x0 = 40 cm. The dashed line corresponds to u = 0. Mesh
contains 250 £ 125 uniformly distributed points.
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computations show that this condition is ful� lled for Mc · 1:3.
The � elds of density and methane mass fraction obtained after ig-
nition and stabilization of combustion are plotted in Fig. 3. It can
be observed that combustion results in an increase in the size of the
recirculationbubble and in an upstreamdisplacementof the leading
shock of about 7 cm. These features could be due to the decrease
of the density and the dynamic turbulent viscosity ¹t D ½ºt and
thus to the correspondingchange of the force balance acting on the
bubble.

IV. Conclusion
In this work, a technique to stabilize combustion within super-

sonic � ows using a free recirculating bubble has been presented.
Although both the turbulence model and chemical kinetics mecha-
nism used here remain extremely simple, the overall features of the
� ow are expected to stay unchangedwhen these approximationsare
re� ned for the sake of quantitative analysis. It is clear that the com-
putations performed here are unable to predict unsteady properties
of the system, such as vortex shedding or oscillations of the bub-
ble, that can play a signi� cant role in the ignition and stabilization
capabilities of this system. Calculations to determine precisely the
role of different � ow parameters on the stability limits of the free
recirculationbubblewith combustionare now beingperformed.The
preliminary results presented here need to be extended to the case
of practical interest of a swirling jet.
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Détonique as a Centre National de la Recherche Scienti� que Asso-
ciate Researcher.

References
1Barrère, M., “Flame Stabilization in a SupersonicCombustor,”Turbulent

Reactive Flows, edited by R. Borghi and S. N. B. Murthy, Lecture Notes in
Physics, Springer–Verlag, New York, 1983, pp. 847–862.

2Deshaies, B., Figueirada Silva,L. F., andRené-Corail, M., “Some Gener-
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Introduction

T HE modal expansion method has been found to be very use-
ful for modal synthesis, calculationof eigenvectorderivatives,

model correction, and reduction of dynamic models. Because there
exists numerical error due to truncation of modes, the precision
of the results sometimes is poor. To reduce the error of truncated
modes,a practicalcompletemodal space(PCMS) is developed.This
Note brie� y describessuccessfulapplicationsof the PCMS in some
practical engineering areas. To satisfy the requirement in different
applications, the PCMS has been further improved.

In the PCMS method, some lower-order modes including rigid-
bodymodesareobtainedfromsolvingtheeigenequation.All higher-
order modes are replacedby the equivalenthigher-ordermodes that
aregivenbyusinga simplematrixprojectionapproach.This replace-
ment means the entire contribution of the equivalent higher-order
modes is equivalent to that of the original higher-ordermodes. Also
the subspace spanned by the equivalent higher-order modes is di-
rectly equivalent to the subspace spanned by original higher-order
modes. The direct proof of equivalence between two subspaces
spanned by both the equivalent higher-order modes and original
higher-ordermodes is discussed in this Note.

With respect to the modal synthesis, the existing free-interface
method,1 the � xed-interface method,2 and the mixed-interface
method3 are all approximately substructural coupling methods
based on an incomplete modal space. The accurate modal synthesis
methods4¡6 based on the PCMS method can give better precisionof
any order of modes for assembly structure because the precision
of the Rize analysis is determined principally by the completeness
of the basis of the vector space. In the calculation of eigenvector
derivatives, Fox and Kapoor7 developed an incomplete modal ex-
pansion technique. Wang8 improved the Fox–Kapoor method by
adding a static correction term to the modal expansion formula.
But their methods merely guarantee that the precision of the eigen-
vector derivatives of a few lower-order modes is good. Otherwise
a complete modal method9 based on the PCMS theory can make
the precision of the derivatives of many higher-order modes ac-
curate. In regard to the reduction of a dynamic model, Kammer10

proposed an incomplete modal method that can only guarantee that
some lower-order modes of the reduced model are exact inside the
frequency range of interest. Reference 11 makes available many
modes of the reduced model outside the range of interest. In the
� eld ofmodel correction,Berman et al.,12 Berman and Wei,13 Zhang
and Li,14 and Kabe15 developed various methods of model correc-
tion, which are based on an incomplete modal space. A complete
mode-type method was described in Ref. 16. In the presentmethod,
the PCMS formed by lower-order measured modes and equivalent
higher-ordermodes is arranged as the reference base. Based on this
referencebase, there are matrix-type,element-type,submatrix-type,
and design-parameter-typemethods. The results from the matrix-
type and element-type methods based on the PCMS show that the
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